Let X be an affine surface admitting a unique affine ruling and a C * -action. Assume that the ruling has a unique degenerate fibre and that this fibre is irreducible. In this paper we give a short proof of the following result of Miyanishi and Masuda: the universal covering of X is a hypersurface in the affine 3-space given by the equation x m y = z d − 1, where m > 1.
1. Introduction. Let X be a smooth affine surface over C with an affine ruling (an A 1 -fibration) ρ : X → A 1 C . Assume that ρ is surjective, has a unique degenerate fiber, and this fiber is irreducible. In [3] such a surface X is called affine pseudo-plane. It is of class ML 1 if ρ is unique up to an automorphism of A 1 C . In [3] the following classification result is obtained. Theorem 1.1 (Miyanishi-Masuda) . Suppose that X is an affine pseudo-plane of class ML 1 . If X admits an effective C * -action then the following hold.
(i) This C * -action is necessarily hyperbolic. (ii) The universal coveringf :X → X is a cyclic covering of degree d, where d is the multiplicity of the unique degenerate fiber of ρ. Our interest in this result is explained by our previous study [1, 2] of normal affine surfaces admitting a C * -action and an affine ruling. We give an alternative proof of Theorem 1.1 based on these results. We deduce it from an abstract description of a certain subclass of such surfaces realized as hypersurfaces in A 3 C (see Lemma 2.2 below). Let us add some remarks. An affine ruling on X induces an affine rulingρ :X → A 1 C with a unique degenerate fiber consisting of d disjoint components isomorphic to A 1 C . In case m > 1 there is an essentially unique such affine ruling onX, defined by the restriction x|X. However, for m = 1, y|X gives a second independent affine ruling, which also descends to X =X/Z d . Thus in this case X cannot be a ML 1 surface.
If we want the Z d -action onX to be free, the exponents e and d above must be coprime. Indeed, otherwise ζ eb = 1 for some b with 0 < b < d, and we would have ζ b .(0, 0, z) = (0, 0, z) for every d-th root of unity z.
On the other hand, for every triple (d, e, m) with d 1, m 2 and gcd(e, d) = 1, (iii)-(v) determine a smooth affine pseudo-plane X of class ML 1 with an effective C * -action. Thus Theorem 1.1 provides indeed a complete classification of these surfaces.
The proof.
Under the assumptions of Theorem 1.1, X ∼ = A 2 C , since otherwise X would admit another affine ruling ρ : X → A 1 C with general fibers different from those of ρ, which contradicts the condition ML 1 .
A smooth affine surface X with an elliptic C * -action is always isomorphic to A 2 C , so this case is impossible. If X is smooth and the C * -action on X is parabolic then according to Proposition 3.8(b) in [1], X = Spec A 0 [D] for an integral divisor D on a smooth affine curve C = Spec A 0 . The existence of an affine ruling ρ on X with the base A 1 C implies that C ∼ = A 1 C . Hence D is a principal divisor. By Theorem 3.2(b) in [1], we have again
, which is impossible. Thus the C * -action on X = Spec A is necessarily hyperbolic. Accordingly we can write (1) and, up to an automorphism λ −→ λ −1 of C * (thus switching (D + , D − ) −→ (D − , D + )) we may assume that e = deg ∂ 0. By Lemma 3.5 and Corollary 3.27 in [2], e = 0 implies that X ∼ = A 1 C × C * , so the induced affine ruling X → C * is essentially unique and has the base C * , which contradicts our assumption. Thus e > 0.
